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ABSTRACT 
In this note fifth and sixth order PECE algorithms are presented. The corrector  formulae are 
derived by  using natural  g-spliaes. The resulting PECE algorithms which use the Schoen predictor 
have larger regions o f  absolute stabil ity and smaller truncat ion errors than the Krogh and Schoen 
algorithms o f  corresponding order. 
where 
1. INTRODUCTION yj = f(xj, yj), h = xj+ 1 - xj 
In this note we present linear multistep methods for 
solving the inital value problem 
y' = f(x, y) a < x < b (1) 
y(a) = Yo" 
We denote the approximate solutions of (1) at 
xj = a + jh (j = 1 .... ) by yj where Yn+l are computed 
by the PECE algorithm 
Pn+l -  aj Yn-j + h ~1 bj Yn-j (2) 
j=o 
P 
Yn+l = Yn + hco Pn+l + h Z ' (3) j=o cj Yn--j+l 
Pn+l = f(Xn+l' Pn+l)" 
2. RESULTS 
Following the procedure of Byrne and Chi [3] the cot- 
rector formulae of order p = 5 and p = 6 have been 
derived. These coefficients are listed along with the 
truncation error terms of these correctors in Table 1. 
A comparison with the Adams-Moulton correctors of 
corresponding order !these are the correctors used by 
Krogh [1] and Schoen [2]) shows that for sufficient|y 
small step size the new correctors will provide more 
accurate results. 
Table 1. Coefficients for various correctors with their truncation error T = Kh (p + 1)y (p + 1) 
P 
Adams-Moulton New Correctors 
5 6 5 6 
720 c i 1440 c i 22491360 c i 5660729280 c i 
0 251 475 
1 646 1427 
2 -264 -798 
3 106 482 
4 - 19 -173 
5 0 27 
6 -- 0 
K 
7535729 1807175645 
21704793 5970098304 
3 863 
160 60480 
0.01875 - 0.01427 
-11296922 -4038169551 
6361318 3096347984 
- 2118567 -1581255801 
305009 466011504 
- -  - 60078805 
3647 36216529 
702855 9906276240 
- 0.00519 =- 0.00366 
(*) A. E. Cook  and R. D. Gibson, Department  o f  Mathematics and Statistics, Teesside Polytech- 
nic, Middlesbrough, Cleveland, England 
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The characteristic equation associated with (2) and 
(3) (see Chase [4]) is 
P 
2; dp_i_ 1 si= 0 
i= o 
where 
d_l=l 
di= - {coA(ai + Ab i) + Aci+ 1 + 8oi} 
(4) 
i= 0 .. . . .  p - l ,  
and A = h a_ff when (1) relates to a single differential ay 
equation; otherwise A = hL where L is an dgenvalue of 
the Jacobian of f with respect to y. 
The numerical stability of the PECE algorithm is 
governed by the roots of (4). For the region in the 
complex A plane where ISI < 1, the method is said 
to be absolutely stable. Relative stability is defined 
by the condition I S I < exp R(A) for all roots of (4) 
with the exception of the principal root. We clearly 
wish to choose methods for which the size of the 
absolutely stable region is large. Having tried the 
predictors of Adams-Bashforth, Krogh and Schoen 
we found that Schoen's predictors gave the best 
results. This can be seen from the stability regions 
(figure 1, Figure 2 and figure 3) which demonstrate 
the improved stability properties of the PECE methods 
based on generalised splines. Table 2 gives the negative 
real boundary points A c of the region of absolute 
stability. 
Table 2. A c for.the PECE algorithms 
p 5 6 
-A c 1.41 1.04 
Krogh Schoen New 
5 6 5 6 
1.81 1.27 1.88 1.32 
It was found that the stability regions of generalised 
spline correctors are smaller than the regions associated 
with PECE algorithms; for the iterated corrector 
A c = -1.31 for p = 5 and A c = -0.85 for p - 6. It is 
thus dear that the iterated mode would not be recom- 
mended when a large stability range is required. 
3. DISCUSSION 
The generalised spline and Schoen PECE Fifth and 
sixth order algorithms were applied to the differential 
systems given by Schoen; namely 
y' = - y + sin 2x, Yo = - 0,4 
y' = y cos x, Yo = 1.0, 
y' = y - 2x/y, Yo = 1.0, 
y' = y + sin 2x, yo'= - 0.4. 
In all cases a solution was obtained on the interval 
(0, 4) with h = 0.1 using the analytic solution to 
provide the starting values. The accuracy of the results 
corresponded to the truncation terms which consider- 
ably favours the generalised spline PECE. We consider 
the proposed algorithm as well suited to non-stiff sys- 
tems of ordinary differential equations. 
ACKNOWLEDGEMENT 
The authors wish to thank Mr. H. Langston for 
assistance wi~h the computation. 
REFERENCES 
1. 
2. 
KKOGH, F. T. : "Predictor-corrector methods of high 
order with improved stability characteristics". J. Assoc. 
Comput. Mach. 13 (1966), 374-385. 
SCHOEN, K. : "Fifth and sixth order PECE algorithms 
with improved stability properties". Siam J. Numer. Anal. 
9-- (1971), 244-248. 
3. BYRNE, G. D. and CHI, D. N. H. : "Linear multistep 
formulae based on g-splines". Siam J. Numer. Anal. 9 
(1972), 316-324. 
4. CHASE, P. E. :"Stability properties of predictor-corrector 
methods for ordinary differential equations". J. Assoc. 
Comput. Mach. 9-- (1962), 457-468. 
Journal of Computational nd Applied Mathematics, volume 3, no 2' 1977. 86 
.m 
i1.6 
1 
-2 .0  
Fig. 1. 
/ eli 
/ 
# // 
/ // 
! 
m 
n 
-1.8 -I .6 -1.4 -1.2 -I .0 -0.8 -0.6 -0.4 -0.2 0 
- -  Stability region for the fifth order Schoen predictor with g-spline corrector. 
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Fig, 3. Stability region for sixth order methods 
a - Krogh, b - Schoen, c -New. 
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